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 2. ENERGY AND MOMENTUM PRINCIPLE IN OPEN CHANNEL FLOW 

                2.1 basic energy equations 
In the one dimensional analysis of steady open channel flow the energy equation in the form of 

Bernoulli equation is used. According to this equation the total energy at downstream section 

defers from the total energy at upstream section by an amount equal to the loss of energy 

between the sections. 

It is known in elementary hydraulics that the total energy per unit weight of water of water in any 

Streamline passing through channel section may be expressed as the total head in meter of water, 

which is equal to the sum of the elevation above a datum, the pressure head, and the velocity 

head. For example, with respect to the datum plane, the total head H at a section 0 containing 

point A on a streamline of flow in a channel of large slope (Fig. 2.1) may be written as:- 
 

H = ZA + dA cosθ +
𝑽𝑨

𝟐

𝟐𝒈
  ………………………………………………………………..(eqn.2.1)                             

Where:- 

ZA  is the elevation of point above the datum plane  

dA  is the depth of point A below the free surface measured along the channel section  

θ     is the slope of the channel bed (bottom) and  

VA   is the velocity head of the flow in the streamline passing through A. 

In general, every streamline passing through a channel section will have different velocity head, 

owing to the nonuniform velocity distribution Actual in flow. Only in an ideal parallel flow of 

uniform velocity distribution can the velocity head be truly identical for all points on the cross 

section. In the case of gradually varied flow, however,· it may be assumed, for practical 

purposes, that the velocity heads for all points on the channel section are equal , and the energy 

coefficient may be used to Correct for the over-all effect of the non uniform velocity distribution. 

 
Fig 2.1 Energy in gradually varied open-channel flow. 
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Thus, the total energy at the channel section is  

             H = Z +dcosθ +α
𝑽𝟐

𝟐𝒈
                    α is the velocity distribution coefficient  

For channels of small slope, θ = 0 thus, the total energy at the channel section is  

               H = Z + d + α
𝑽𝟐

𝟐𝒈
                     

According to the principle of conservation of energy, the total energy head at the upstream 

section 1 should be equal to the total energy head at the downstream section 2 plus the loss of 

energy hf  between the two sections; or 

              Z1 +d1 cosθ +α1
𝑽𝟏

𝟐

  𝟐𝒈
  = Z2 +d2 cosθ+α2+

𝑽𝟐
𝟐

𝟐𝒈
  +hf   

This equation applies to parallel or gradually varied flow. For a channel of small slope, it 

becomes:-     

          Z1 +y1+ α1
𝑽𝟏

𝟐

  𝟐𝒈
   = Z2 +y2 + α2

𝑽𝟐
𝟐

𝟐𝒈
  + hf………………………………………………..(2.2) 

Either of these two equations is known as the energy equation. When α1= α2=1 and hf = 0,it 

becomes, 

𝒁𝟏 + 𝒚𝟏 +
𝑽𝟏

𝟐

𝟐𝒈
= 𝒁𝟐 + 𝒚𝟐 +

𝑽𝟐
𝟐

𝟐𝒈
= 𝒄𝒐𝒏𝒔𝒕     

……………………………………………….………(eqn.2.3) 

This is the well-known Bernoulli energy equation. 

 

       2.2 Specific energy and critical depth  

The total energy of a channel flow referred to a datum is given by equation below: 

 

If the datum coincides with the channel bed at the section, the resulting expression is known as 

specific energy and is denoted as E. thus 

𝐸 = 𝑑𝑐𝑜𝑠𝜃 + 𝛼
𝑉2

2𝑔
  for a channel of small slope and α=1. 

𝑬 = 𝒚 +
𝑽𝟐

𝟐𝒈
    for   𝑽 =

𝑸
𝑨⁄                  𝐄 = 𝐲 +

𝐐𝟐

𝟐𝐠𝐀𝟐 ..………………………………(eqn.2.4) 

For a channel of known geometry, E=f(y,Q), keeping Q constant it can be seen that, the specific 

energy in a channel section is a function of the depth of the flow only. The variation E with y is 

represented by a cubic parabola (Fig 2.2). it is seen that there are two positive roots for the 

equation of E indicating that any particular discharge Q
1 

can be passed in a given channel at two 

depths and still maintain the same specific energy E. in the Figure 2.2 the ordinate PP’ represents 

the condition for a specific energy of E
1
. the depth of flow can be either PR=y

1 
or PR’=y

1
’. These 

two possible depths have the same specific energy are known as alternate depths. In the Figure 

2.2, a line OS drawn such that E=y is the asymptote of the upper limb of the specific-energy 

curve. It may be noticed that the intercept P’R’ or P’R represents the velocity head of the two 

alternate depths, one (PR=y
1
) is smaller and has a larger velocity head while the other (PR’=y

1
’) 

has a larger depth and consequently a smaller velocity head.  
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The condition of minimum specific energy is known as the critical-flow condition and the 

corresponding depth y
c 
is known as critical depth. 

 

Fig. 2.2 Definition sketch of specific energy 

Thus, at the critical state the two alternate depths apparently become one. When the depth of 

flow is greater than the critical depth, the velocity of flow is less than the critical velocity for the 

given discharge, and, hence, the flow is subcritical. When the depth of flow is less than the 

critical depth, the flow is supercritical. Hence, y
1 

is the depth of supercritical flow, and y
1
’ is the 

depth of subcritical flow.  

At the critical depth, the specific energy is minimum. Thus differentiating (eqn 2.4) with respect 

to y (keeping Q constant) and equating to zero, 
𝐝𝐄

𝐝𝐲
= 𝟏 −

𝐐𝟐

𝐠𝐀𝟑

𝐝𝐀

𝐝𝐲
= 𝟎 But  

𝐝𝐀

𝐝𝐲
= 𝐓 top width, width of the channel at the water surface . 

designating the critical-flow condition by the suffix ,c,. 
𝑸𝟐𝑻𝑪

𝒈𝑨𝑪
𝟑 = 𝟏      ……………..………………………………………………………………..(eqn.2.5) 
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2.3 Critical depth for a variable discharge  
In the above section the critical-flow condition was derived by keeping the discharge constant. 

The specific energy diagram can be plotted for different discharge Q=Q1=constant (i=1,2,3...) in 

the figure, Q1 < Q2 < Q3 <.Q4. and is constant along the respective E vs y plot. 

 

Fig 2.3 specific energy for varying discharge 

Consider a section PP’ in this plot, for the ordinate PP’, E=E1=constant. Different Q curves give 

different intercepts. It is possible to imagine a value of Q=Q
max 

at a point C at which the 

corresponding specific energy curve would be just tangent to the ordinate PP’. The dotted line 

indicating Q=Q
max 

represents the maximum value discharge that can be passed in the channel 

while maintaining the specific energy at constant value E1. 

                      E = y +
Q2

2gA2  

                    Q = A√2g(E − y)  

The condition for maximum discharge can be obtained by differentiating the above equation with 

respect to y and equating to zero while keeping E = constant. 

 
𝑄2𝑇

𝑔𝐴3 = 1This is the same as the critical flow conditions. Hence, the critical flow condition also 

corresponds to the condition of maximum discharge in a channel for a fixed specific energy. 
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Section factor Z  

The expression 𝐴√𝐴 𝑇⁄  is a function of the depth y for a given channel geometry and is known 

as the section factor Z. 

Those: 

                    Z=𝐴√𝐴 𝑇⁄       

At the critical flow condition y=y
c 
and 

𝑍𝑐 = 𝐴𝑐√𝐴𝑐 𝑇𝑐⁄ = 
AC

3/2

TC
1/2   at critical condition 

𝑄2

𝑔
=

𝐴3

𝑇
                   

𝑄

√𝑔
=

𝐴3/2

𝑇1/2    Thus: -         

                                       Zc =
𝑸

√𝒈
    ………………………………………………………..(eqn.2.6) 

        2.4 Calculation of the Critical Depth  

Using (eqn.2.5) expression for the critical depth in channel of various geometric shapes can be 

obtained as flows  

A) Rectangular section  

For rectangular section A=By and T=B hence the above expression becomes:- 
𝑸𝟐𝑻𝒄

𝒈𝑨𝒄
𝟑 =

𝑽𝒄
𝟐

𝒈𝒚𝒄
= 𝟏 Or                     

𝑉𝐶
2

2𝑔
=

1

2
𝑦𝑐  

                     
                Fig 2.4 rectangular channel 

Specific energy at critical depth  𝐸𝑐 = 𝑦𝑐 +
𝑉𝑐

2

2𝑔
 

        𝐄𝐜 = 𝐲𝐜 +
𝟏

𝟐
𝐲𝐜 = 𝟏. 𝟓𝐲𝐜    ……………………………………………….. (eqn.2.7) 

 

The above equation is specific energy E is independent of the width of the channel.  

Also if q = discharge per unit width =
𝑄

𝐵
. 

𝑞2

𝑔
= 𝑦𝑐

3                    i.e                  ……………………… (eqn.2.8) 

 

Since 𝐴 𝑇⁄ = 𝑦 the Froude number for a rectangular channel will be defined as  

                               𝐅 =
𝐕

√𝐠𝐲
      ……………………………………………………….. (eqn. 2.9) 
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B) Triangular section  

For a triangular having a side slope of m horizontal: 1 vertical  𝐴 = 𝑚𝑦2  and 𝑇 = 2𝑚𝑦 

  
     Fig 2.5 triangular channel 

 

 

                                              
                                    i.e.  𝐄𝐜 = 𝟏. 𝟐𝟓𝐲𝐜     …………………………………… (eqn.2.10) 

 

It is noted that eqn.2.10 is independent of the side slope m of the channel. Since 𝑨
𝑻⁄ = 𝒀

𝟐⁄ , the 

Froude number for a triangular channel is defined by:- 

                                                𝐅 =
𝐕√𝟐

√𝐠𝐲
       …………………………………...  (eqn.2.11)      
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C) Trapezoidal channel   

For a trapezoidal channel having a bottom width of B and side slopes of m horizontal: 1 

vertical (fig (2.7)). 

 
Fig 2.7 trapezoidal channel 

 

At the critical flow   

                                                                          
Here also an explicit expression for the critical depth  𝑦𝑐 is not possible .the non-dimensional 

representation of Eqn. (2.14) facilitates the solution of  𝑦𝑐 by the aid of tables or graphs. 

Rewriting the right- hand side of Eqn. (2.14) as 
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Equation 2.16 can easily be evaluated for various value of  ξc and plotted as ψ vs ξc it may be 

noted that if  α > 1, ψ can be defined as  
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   2.5 Channel transitions 
    2.5.1 Channel with a Hump /rise in bed level/ 
    A. subcritical flow  

Consider a horizontal, frictionless rectangular channel of width B carrying Q at a depth y1. Let 

the flow be subcritical. At section 2 a smooth hump of height ΔZ is built on the floor. Since there 

is no energy losses between section 1 and 2, and construction of a hump causes the specific 

energy at section 2 to decrease by ΔZ. The specific energy at section 1 and 2 are given by: 

                 𝑬𝟏 = 𝒚𝟏 +
𝑽𝟏

𝟐

𝟐𝒈
                                i.e.            𝑬𝟐 = 𝑬𝟏 − ∆𝒁  

  

 
Figure 2.8 channel transition with a hump 

Since the flow is subcritical, the water surface will drop due to a decrease in the specific energy. 

In figure 2.9, the water surface which was at P at section 1 will come down to point R at section 

2. The depth y
2 

will be given by:- 

                          
 

 

 
Fig 2.9 Specific energy diagram 

It is easy to see from fig 2.9 that as the value of ΔZ is increased, the depth at section 2, will 

decrease. The minimum depth is reached when the point R coincides with C, the critical depth 

point.  
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At this point the hump height will be maximum, say ΔZm
 
, y

2
=y

c 
critical depth and E

2
=E

c
. the 

condition at ΔZm
 
is given by- the relation:- 

                              
For the hump height greater than ΔZm

 
the flow is not possible with the given specific energy. The 

upstream depth has to increase to cause an increase in specific energy at section 1. if this 

modified depth is represented by y
1
’, then 

                                       
At section 2 the flow will continue at the minimum pecific energy level, i.e. at the critical 

condition. At this condition y2 = yc
 
and 

 
 

B. supercritical flow  
If y

1 
is in the supercritical flow regime, fig 2.9 shows that the depth of flow increase due to the 

reduction of specific energy. In figure 2.9 point P’ corresponds to y
1 

and point R’ to a depth at 

section 2. Up to the critical depth, y
2 

increases to reach y
c 

at ΔZ=ΔZm. For ΔZ>ΔZ
m

, the depth 

over the hump y
2
=y

c 
will remain constant and the upstream depth y

1 
will change. It will decrease 

to have a higher specific energy E
1
’. The variation of the depths y1 and y2 with ΔZ in the super 

critical flow is shown below Figure y1 and y2 in subcritical flow over the hump.  
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2.5.2 Transition with change in width  

a. Subcritical flow in a width construction  
Consider a friction less horizontal channel of width B1

 
carrying a discharge Q at a depth y1

 
as in 

figure 2.10. At section 2 the channel width has been constricted to B2 
 
by a smooth transition. 

Since there are no losses involved and since the bed elevation at section 1 and 2 are the same, the 

specific energy at section 1 and 2 are the same. 

 

 
Fig 2.10 transition with width construction 

 

It is convenient to analyses the flow in terms of the discharge intensity   𝑞 =
𝑄

𝐵
.  At section one 

𝑞1 =
𝑄

𝐵1
  and at section two 𝑞2 =

𝑄

𝐵2
  Since B

2 
< B

1, 
q 

2 
>q

1
. The specific energy diagram fig 2.11 

drawn with discharge intensity as the third parameter, point P on the curve q
1 

corresponds to a 

depth y
1 

and specific energy E
1
.  

 
Figure 2.11 specific energy diagram 
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Since at section 2, E2=E1 and q=q
2
, point P will move vertically downward to point R on the 

curve q
2 

to reach the depth y
2
. Those in subcritical flow the depth y

2 
< y

1
. If B

2 
is made smaller, 

then q
2 

will increase and y
2 

will decrease. The limit of the contracted width B
2
=B

2m 
is obviously 

reached when corresponding to E
1
, the discharge intensity q

2
=q

2m
, i.e. the maximum discharge 

intensity for a given specific energy (critical flow condition) will prevail. At this minimum 

width, y
2 

= critical depth at section 2, y
cm 

and. 

                              

 
 

If B2<B2m, the discharge intensity q2
 
will be larger than qm

 
the maximum discharge intensity 

consist ant with E1. The flow will not be possible with the given upstream condition. Therefore, 

the upstream depth will have to increase to y1’ so that a new specific energy 𝑬𝟏
′ = 𝒚𝟏

′ +
𝑸𝟐

𝟐𝒈𝑩𝟏
𝟐𝒀𝟏

′   

is formed which will just be sufficient to cause critical flow at section 2. 

 
 

Since B2
 
<B2m , yc2 will be larger than ycm 

 
further E1 ’=Ec2 =1.5yc2. thus even though critical 

flow prevails for all B2
 
<B2m, the depth at section 2 is not constant as in the hump case but 

increase as y1 ’ and hence E1’ rises. The variation of y1 , y2
 
and E with B2/ B1 

 
is shown 

schematically in figure 2.12. 
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Figure 2.12 Variation of y

1 
and y

2 
in subcritical flow in a width constriction. 

B. supercritical flow in width constriction  
If the upstream depth is supercritical flow regime, a reduction of the flow width and hence 

increase in discharge intensity cause a rise in depth y2. In figure 2.11, point P’ corresponds to y1
 

and point R’ to y2
. 
as the width B2

 
is decreased, R’ moves up till it becomes critical at B2=B2m

. 

any further reduction in B2
 
causes the upstream depth to decrease to y1’ so that E1

 
rises to E2’. At 

section 2, critical depth yc’ corresponds to the new specific energy E1’ will prevail. The variation 

of y1, y2
 
and E with B 2/B1

 
in supercritical regime is shown below. 

 

 

 
 

Fig.2.13 Variation of y1 and y2in super-critical flow in width constriction 
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 2.6 Momentum Principle in Open Channel flows  

The momentum equation commonly used in most of the open channel flow problems is a linear-

momentum equation. This equation states that the algebraic sum of all external forces acting in a 

given direction on a fluid mass equals the time rate of change of linear-momentum of the fluid 

mass in that direction. In a steady flow the rate of change of momentum in a given direction will 

be equal to the net flux of momentum in that direction. 

 
 

 Figure 2.13 definition sketch for the momentum equation 

 

 The figure shows a control volume (a volume fixed in space) bounded by section 1 and 2, the 

boundary and a surface laying above the free surface. The various forces acting on the control 

volume in the longitudinal direction are:  

a) Pressure force acting on the control surfaces, F1 and F2.  

b) Tangential force on the bed F3,  

c) Body force, i.e the component of the weight of the fluid in the longitudinal direction F4.  

d) F
a 
is the air resistance at the free surface.  

                
 

 Here F
1 

and F
2 

are hydrostatic pressures on the section 1 and 2, W is the weight of the control 

volume, θ is the slope of the bed with the horizontal, F3 is the boundary friction over the length 

ΔX and F
a 

is the air resistance at the free surface. Generally speaking F
a 

is negligible and is 

customary to neglect F3 also when ΔX is small. In which M
1 

and M
2 

are momentum flux 

entering and leaving the control  

Volume        𝛽𝜌𝑄𝑉1     and   𝛽𝜌𝑄𝑉2  . 

 

                              
 

 In practical applications of the momentum equation, the proper identification of the control 

volume and the various forces acting on it are very important. The momentum equation is 

practically useful tool in analyzing rapidly varied flow (RVF) situation where energy loss are 

complex and cannot be easily estimated.      
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 With assumption that θ=0 and β
1
=β

2 
= 1 and very small tangential force the above equation 

becomes: 

                         
 

 Where Z1
 
and Z2

 
are the distance to the centroid of respective cross sectional flow areas A1 and 

A2 . 

                      

Hydraulic jump  
Hydraulic jump is formed when ever supercritical flow changes to subcritical flow, at the jump 

location there is a sharp increase in water surfaces and a considerable amount of energy is 

dissipated due to turbulence. At present we are interested in developing a relationship between 

the flow depth and flow velocities upstream and downstream of the jump of the flow. Upstream 

and downstream depths of the flow are called sequent depths or conjugate depths.  

 

 
Figure 2.14 hydraulic jump 
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To simplify the derivation: we will consider a rectangular horizontal channel, since the amount 

of energy losses in the jump is not known in advance we can’t apply the energy equation 

directly. However since the length of the jump is very short, the losses due to the shear at the 

channel bottom and sides are small as compared to the pressure force and may be neglected. In 

addition since the channel is horizontal, the component of the weight of water in the flow 

downstream direction is zero. 
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